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In the  spinwave model of ferromagnetism, 

r e s t r i c t i o n  t h a t  not  more than 2s u n i t s  of reversed s p i n  can 

come together  on t h e  same a t o m  leads t o  what Dyson r l l  has 

called the  kinematical  i n t e r a c t i o n .  T h i s  letter ind ica t e s  

a method of c a l c u l a t i n g  the  e f f e c t  of these i n t e r a c t i o n s  on 

t h e  temperature dependence of t he  magnetization by us ing  the  

semi-invariants of Thie le  121. 

The n e a r i s t  neighbor exchange i n t e r a c t i o n  model is descr ibed 

by t h e  Hamiltonian 

‘s is t h e  s p i n  operator  a t  the  i + t h  atom, g the  Lande‘ g-factor ,  
Ip 

H the  magnetic f i e l d  i n  the  z d i r e c t i o n ,  ~1 eh/mc, .:.. 

C is taken over a l l  nea res t  neighbor p a i r s ,  and is * c  c f Q f o m L  
<ij> 

Following Holstein and’ Primakoff [3] and Oguchi r43, t h e  

s p i n  opera tors  w e  rei;laced by t he  s p i n  devia t ion  c rea t ion  and 

a n n i h i l a t i o n  opera tors  at and a. A t  l o w  temperatures,  where 

t h e  number of s p i n  deviat ions is expected t o  be very s m a l l ,  

t h e  Hamiltonian may be l i nea r i zed  t o  
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.. 
, f  where 2; is  t h e  number of nea res t  neighbors. 

c ' .. 
By introducing the  spinwave opera tors  bk = ( 1 d )  c exp(ik.9-1;' .y 

3 c1 

and bkt = ( 1 d )  3 exp(4k .R. )  a . ? ,  t h e  Hamiltonian is Four ie r  

transformed t o  
- + 3  J N 

H e r e  3Co = - [JzNsa - g@"N] ,  Ak = t P J S z ( l ~ y ~ )  - :-% = 
. r -  N ry 

= (l /z) C exp(ik&) and P is the vector  between . bkt .y bk .e ' y& P 
nea res t  neighbor atoms. 

In equation (3), 3Co is the Hamiltonian of t h e  f r e e  sp in-  

waves, and C % % represents  the  i n t e r a c t i o n s .  The p a r t i t i o n  

funct ion of the s y s t e m  is then def ined by 
5 w -  

2 - Trace exp(-BX), B = l/kT 

(4) = zozl 
W e  w i l l  now eva lua te  Z1 = trace exp 

cases. I n  the ideal case t h e  assumption is made t h a t  t h e  only 

t o  restrict the maximum effect of t he  kinematical  i u t e r a c t i o n  is 

permiss ib le  eigenvalue of t h e  spinwave operator  % t o  2S, and 

t h a t  t he  i n t e r a c t i o n s  of the  spinwaves w i t h  each o the r  may be 
L. 

neglected.  T h i s  is mathematically equivalent  t o  neglec t ing  the 

cross terms i n  
2s 

= c  
nk'o 

Ir 
=TT I: / ( 5 )  
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I 

. Al te rna te ly  
In  z1 * In trace exp (-,KEAknk) 

iz - - l n  trace (1) + 1n7 l+z c - ~ ) " ~ ~ , ~ ]  ( 7 )  
h-6 -+?- 

where t h e  r-th moment of t he  Hamiltonian, M(r) E trace (r4Rk)rf 
trace (11, has been set  equal  to trace (a:$)/trace (l), and 

t race( l ) - (2S+l)  . 
k - - ,  - 

b - -  N L 

When the  second term i n  equation ( 7 )  is expanded, 

(8  1 In z1 - I n  (2s+11N + (-e)" 1 c - )  
-1, 9-rI ! 

Here \(m), t h e  m - t h  semi-invariant of Thkele, is t h e  sum of t h e  

c o e f f i c i e n t s  OS f i  
i n v a r i a n t s  are [ 5 ] ,  

i n  the expansion. The first three semi- 

However, from equat ion (6) it is not  d i E f i c u l t  t o  show t h a t  

where Bm are t h e  w e l l  known Bernoul l i  numbers. Thus 

:E- 
. .  CP Y 
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Equation ( 8 )  may then be replaced by 

. 
I n  tho cxact  cam, wlioro the i n t e r a c t i o n  of tho spinwaves 

w i t h  each other is s p e c i f i c a l l y  accounted f o r ,  it becomes 

necessary t o  eva lua te  the cross t e r m s  a r i s i n g  i n  trace(Z&\). h 

Methods of doing t h i s  w i l l  be presented elsewhere. It is found 

t h a t  the  first three semi-invariants are 

. 
>[3) = 2  

The effect s to i n  . t ro duce 

higher order sums i n  k-space and t o  al ter t h e  c o e f f i c i e n t s  

' of t he  first order  summation. The detai ls  of t h i s  c a l c u l a t i o n  

show a resemblance t o  the  classical rencontre  problem i n  the 

theory  of games [ 5 ] ,  and from t h i s  a conjec ture  is made tha t  

the c o e f f i c i e n t  of ( E  A:) i s  (m-l)! Sm. Thus 

- 

i l -  - 

- The magnetigation is ca lcu la t ed  in t he  s tandard  manner. 

For t h e  ideal (non-interacting) case 



where x=pJS and w e  have se t  z=6. 

A t  very low temperatures an  asymptotic expansion g ives  

7. ,i (24) 

The c o e f f i c i e n t s  ao, a a2 are i d e n t i c a l  t o  Dyson’s. 1’ 
T h i s  method does not  g ive  in t ege r  powers of the temperature 

probably becuase the  i n t e r a c t i o n  of t h e  spinwaves with each 

o t h e r  w a s  neglected. But it i s  i n t e r e s t i n g  t o  note  t h a t  t h e  

m d i f y i n g  f a c t o r  f (S) becomes u n i t y  i n  t h e  l i m i t  of S + a  n/2 
In t h e  exact ( in t e rac t ing )  case, the  magnetisation has  

been obtained i n  i n t e g r a l  form 

The second t e r m  is a d i r e c t  consequence &f t he  conjecture  

made ear l ier  which is rzndered p laus ib l e  by the  s i m i l a r i t y  

t o  t h e  gegra l i sed  Watson’s i n t e g r a l  which has an i n t e r e s t i n g  

h i s t o r y  i n  the  spinwave theory of ierromagnetism[6]. 
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